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SIEIRRACEN  Context and motivations

This talk is devoted to the magnetic Laplacian

L, = (—ihV — A)?

- acting on L*(Q) with Q C R,
- with A: Q — RY,

- with some boundary conditions on 99Q.
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SIEIRRACEN  Context and motivations

A question to the audience

Is the magnetic Laplacian elliptic?
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SIEIRRACEN  Context and motivations

What are our motivations?

i. Superconductivity (Ginzburg-Landau functional, third critical field, etc.),
ii. classical mechanics of charged particles submitted to magnetic fields and its
quantization,

iii. analogy between the electric Laplacian —/?A + V and the magnetic Laplacian
(—ihV — A)2.
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SIEIRRACEN  Context and motivations

Electric Harmonic Approximation

Let us recall what the harmonic approximation is. If the electric potential V admits a
unique and non degenerate minimum (not attained at infinity), then the m-th eigenvalue
Am(7) satisfies

An(h) = V(xmin) + pmh + 0(7)

where p, is the m-th eigenvalue of D + Hess, . V/(x).
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SIEIRRACEN  Context and motivations

What are magnetic fields?

The magnetic 1-form is
d
o = Z Akka
j=1
and the magnetic 2-form da is identified with

[d=2] B=01A —dA,
[d =3] B =(0:As — 0sA, A1 — D1 As, D1 A2 — DoAy).
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Groundenergy and magnetic curvaure
About A;(h)

Until 2006, the main motivation was about estimating the third critical field in the
Ginzburg-Landau theory (see the book by Fournais-Helffer). There were many con-
tributions (Bauman-Philips-Tang, Bolley-Helffer, Erdos, etc.). These works aimed at
estimating one or two terms in the semiclassical expansion of A1(/).
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State of the art Groundenergy and magnetic curvature

An example of asymptotic result

Among a vast literature, let us pick up one result.

Theorem (Helffer-Morame)

Assume that Q C R? is smooth and bounded. Assume also that B = 1 and that the
boundary carries the magnetic Neumann boundary condition. Then

A (1) = Ooli — Crimaxh? + 0(12).

A similar theorem has been proved by the same authors in three dimensions. It involves

much advanced geometric considerations and a “magnetic curvature”.
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State of the art Groundenergy and magnetic curvature

What about A\2(7)?
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State of the art Groundenergy and magnetic curvature

Is \1(7) simple?
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State of the art Groundenergy and magnetic curvature

Until 2009, there were only three results concerned with the other eigenvalues, in two
dimensions:

- when B =1, Q bounded and smooth, magnetic Neumann condition, see
Fournais-Helffer,

- when B has a unique and non-degenerate minimum, see Helffer-Kordyukov,

- when Q is a corner domain, see Bonnaillie-Noél-Dauge.
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State of the art Groundenergy and magnetic curvature

Until 2009, there were only three results concerned with the other eigenvalues, in two

dimensions:

- when B =1, Q bounded and smooth, magnetic Neumann condition, see
Fournais-Helffer,

- when B has a unique and non-degenerate minimum, see Helffer-Kordyukov,

- when Q is a corner domain, see Bonnaillie-Noél-Dauge.

The methods used to prove these results strongly differ.
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Hidden adiabatic limits

Actually, we may guess from the aforementioned literature that magnetic fields induce
multi-scales phenomena.
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Hidden adiabatic limits

Actually, we may guess from the aforementioned literature that magnetic fields induce
multi-scales phenomena.

We have been able to describe far more than the two-terms asymptotic expansions of the
groundstate. In various geometric situations, we have expanded all the low lying
eigenvalues at any order (in terms of the asymptotic parameter):

- when the field is variable and with a Neumann boundary (R.), or when it vanishes
(Dombrowski-R.), in dimension two,

- in the presence of a flat boundary and variable magnetic field (R.),
- in the presence of an edge singularity in dimension three (with Popoff-R.),
- in the presence of a conical singularity (with Bonnaillie-Noél-R.).

We have established that, in all these situations, the magnetic Laplacian is microlocally
and unitarily equivalent to an pure electric Laplacian in an “adiabatic form”.
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State of the art Groundenergy and magnetic curvature

In fact, it is not always possible to make such a reduction:
- in the case of non-vanishing variable magnetic fields in R? (Helffer-Kordyukov),

- in the case certain vanishing magnetic fields (Dauge-Miqueu-R.),
- in cases with corners (Bonnaillie-Noél-Dauge—Popoff, groundenergy).
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State of the art Groundenergy and magnetic curvature

Electric Born-Oppenheimer approximation

Consider
—h?As — A+ V(s t) .

The main idea, due to Born and Oppenheimer, is to replace, for fixed s, the operator
—A; + V(s,t) by its eigenvalues px(s). Then we are led to consider for instance the
reduced operator

_h2AS + :u’l(s) )

and to apply the semiclassical techniques a /a Helffer-Sjostrand.
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State of the art Groundenergy and magnetic curvature

Quantum averaging

The idea is to find P, such that
[Pr, L] = O(h").
We look at this projection in the form
P, =0p) (Myes), where x is the effective semiclassical variable..

See Jecko, Martinez-Sordoni, Panati-Spohn-Teufel where such ideas are developed in
the context of quantum evolution.
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A partially semiclassical magnetic Laplacian

The investigation of magnetic Laplacians leads to the self-adjoint operators on the space
L2(RT x R?, dsdt) of the following type

£y = (hDs — Ai(s, t))* + (D: — As(s, t))?

where A; and A are polynomials.

T T



Let us write the operator valued symbol of £,. For (x,&) € R™ x R™, we introduce the
electro-magnetic Laplacian acting on L*(R”,dt):

MX,S = (Df - AZ(Xa t))z + (f - Al(Xa t))2 .
Denoting by u(x, &) its lowest eigenvalue we would like to replace £5 by the m-dimensional

pseudo-differential operator:
u(s, hDs).

WS



Assumption 1

Assumption

- The family (M. ¢)(x,c)ermxrm is analytic of type (B) in the sense of Kato.

- For all (x,&) € R™ x R™, the bottom of the spectrum of M, ¢ is a simple eigenvalue
denoted by p(x,&) (in particular it is an analytic function) and associated with a
L2-normalized eigenfunction u, c € S(R") which also analytically depends on (x,£).

- The function p admits a unique and non degenerate minimum g at point denoted
by (xo0, o) a"dl mini p(x,€) > po-

li
x|+1€l—
- The family (M..¢)(x,c)erm xgm can be analytically extended in a complex neighborhood
of (x0, &).

T e



Assumption 2

Assumption

Under the last assumption , let us denote by Hess pu(xo, &) the Hessian matrix of p at
(x0,&0). We assume that the spectrum of the operator Hess ji(xo, &0)(c, Do) is simple.

Y



Magnetic Born-Oppenheimer approximation
Asymptotic expansions of A,(h)

Theorem (Bonnaillie-Noél-Hérau-R.)

For all n > 1, there exists hy > 0 such that for all h € (0, hy) the n-th eigenvalue of £

exists and satisfies
3
2

)\n(h) = )\n,O + /\n,lh + O(h ) 5

Ano = po and \n1 is the n-th eigenvalue of %Hessxmg0 (o, Ds).

In concrete situations the term )\, involves a curvature term. Generalizations appear in
the thesis of Keraval (Weyl laws).

Y



Flavor of the proof

Let us recall the formalism of coherent states. We define

—m/4_—|o|?/2
Wm/e\cf\/7

go(o) =

and the usual creation and annihilation operators

0 = J5(0) +0a;), 0 = 5(0j — 9s)),
which satisfy the commutator relations
[aj,07] =1, [aj,a;] =0 if k # .
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We notice that
* * * 2
o= (0 +07), 0y = (e —q),  wej =3(D; +o7 +1).
For (u, p) € R™ x R™, we introduce the coherent state
fup(0) =" go(o — u),
and the associated projection, defined for ¥ € L>(R™ x R") by

nu,pd) <’¢ fu,p>L2(R'" do) u,p wum u,p s

which satisfies

p= / M, pibdudp,
RZ’"

16]2 = / / s Pdudpdr.
R JR2mM

and the Parseval formula
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We recall that

. s .
(a) (ak)% = /Mm (”"\gpf) (uk\};pk)qﬂu,,ﬂ/}dudp.

e



The rescaled operator (s = xp + h2g, t = T) is
Ly = (Dr + As(xo + 1?0, 7)) + (&0 + h/?Dy + Ar(x0 + h/%0, 7))

and
Ln=Lo+h72Li 4+ hlo+ ...+ A2 L.

Y



If we write the anti-Wick ordered operator, we get

Ln=Lo+ h2Ly+hLy + ...+ (VLW + R+ ... + (F)MRu,

W Rh
h

where the Ry are the remainders in the anti-Wick ordering and satisfy, for d > 2,
hd/sz = hd/20d72(07 DU)7

where the notation Oy4(c, D) stands for a polynomial operator with total degree in (o, D,)
less than d. We recall that

w S
L"h S /Rz Mx0+h1/2u,§o+h1/2dedp .
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We reduce here our study to the case when A> = 0. We therefore focus now on operators
of the form
£, = D} + (hDs + Ax(s, t))°.

WS



Theorem (Bonnaillie-Noél-Hérau-R.)

Under our assumptions, there exist a function ® = ®(s) defined in a neighborhood V of
xo with ReHess ®(xo) > 0 and, for any n > 1, a sequence of real numbers (A j)j>0 such

that .
M(h) ~o S il

jz0

with Ano = po. Besides there exists a formal series of smooth functions on V x R},

an(.; h) ot Z an;’,  with ano # 0 such that
>0

(£ — An(h)) (a,,(.; h)e‘“’/h) = O (h®)e= /" .
In addition, there exists co > 0 such that for all h € (0, ho)

B()\n,o 4 Anah, coh) Asp(£4) = (M)}

e



State of the art Magnetic WKB constructions

Thanks to our theorem giving the splitting of the lowest eigenvalues, we have sharp asymp-
totic expansions of the eigenvalues. In particular, one knows that they become simple in
the semiclassical limit and we get the approximation of the eigenfunctions by the WKB
expansions.
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Flavor of the proof

We write
2% = D? + (hDs + A%)?, Al(s,t) = & + A(xo + s, t) .

In order to lighten the notation, we introduce

Mi,g = Mitx,e+60> uE,g = Uxtxg,6+€0> Nh(xa €) = p(x +x0,€ + o) -

We have .
(M) =M, ¥xeR™weecCm.
The assumption Az = 0 implies the fundamental property:

— 0
Uge = U, z-

WS



We conjugate Si via a weight function ® = ®(s) and define
e = IOV 22 o= )/h
= D+ (hDs + iV® + A")?
= g5+ hel 4 n2el,
with

25 =D} + (iVO + A’ = M! gy »

el = %(Ds . (Vg/\/lh)s,fvw(s) + (vth)s,ivcb(s) . Ds) ;
28 = DX

Y



We now look for a formal solution in the form

ANZ)\jhj, aNZajh"

j20 j20

such that Sﬂ,a = da.
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State of the art Magnetic WKB constructions

We have to find (Ao, a0) such that
Egao = )\oao .

We must choose
Ao = Lo -

Thus we have to find ap such that
Mi,ivtb(s)ao = Hodo -
We choose ag in the form
ao(s, t) = ushyivq)(s)(t)bo(s) )

where by has to be determined and @ is the solution of the following eikonal equation
(justified by our analyticity assumptions)

(s, iVs®) = po -

W



State of the art Magnetic WKB constructions

Collecting the terms in h', we obtain the first transport equation
(25 — mo)ar = —(£] — \)ao.
Pointwise in s, the Fredholm compatibility condition writes

(M — £])ao € (Ker(£5" — o)™ -

We have Ker(£3" —p10) = span(ush 7iV5(s))’ so that the compatibility condition is equivalent
to
A <uh bo(s), u® > = <£huh bo(s), u’ >
s,iV(s) VHe _ivds) L2(Rm,dt) 15s,iva(s) » Ys,—ivVo(s) L2(Rm,dt) )
for all s € R™.
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State of the art Magnetic WKB constructions

By using a Feynman-Hellmann formula, we are led to introduce
T=1(Vept Do+ D, Vepit)

and we get the equation
Tho = Aibo -

Then, A1 has to be chosen to solve the linearized transport equation at the singular point
s = 0 and this condition is nothing but the belonging to the spectrum of the “harmonic
oscillator” of symbol 1Hess,; ¢, .

e



State of the art Magnetic WKB constructions

A fundamental application of our ideas, after Fournais-Helffer

(constant magnetic field and Neumann conditions)
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State of the art Magnetic WKB constructions

We have recently made the following conjecture for the case of the magnetic ellipse:

A2(h) — A1(R) ot

1

,% (@) (s (5) ) cia

A=exp _/[O 35%-@(1

4] #(0) — r(s)

)

and where £ is the curvature of the boundary (maximal at 0 and 7) and where all the
constants are related to explicit model operators.

WS



Numerically checked...

1/h

(simulations from 10 years ago versus our conjecture)
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- The audience might have been surprised by the first part of this talk...
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- The audience might have been surprised by the first part of this talk...

- It was about semiclassical analysis, but the classical analysis appeared nowhere.

- What is the relation between the Lorentz force and the magnetic Laplacian?

- Can we describe the magnetic bound states from the classical dynamics?
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics
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Preliminary comment

The Newton equation of a charged particle submitted to a magnetic field is
mg=eqxB ,

Take m = e = 1. Consider an A such that B =YV x A. The skew-symmetric matrix
associated with B is
Mg ="Ja — Ja,

so that the equation becomes
G = Mgq.

This can be reformulated as
9 (q+A(q)) = “Jad -

By introducing the momentum variable p = ¢ + A(q), we see that (q, p) evolves
according to the Hamiltonian flow associated with H(q, p) = %||p — A(q)|I>.

B e



From the Lorentz force to the eigenvalues Eigenvalues asymptotics

For the rest of the talk, we are concerned with
% = (—ihV — A)?
on RY, with d = 2,3.

Its /i-symbol, in the Weyl quantization, is

d
H(g,p) =llp — A@)I* = (px — Ac(9))*.

The characteristic manifold of H is
* ={(q,p) €R*: p=A(q)}.
The phase space R? x RY is equipped with the canonical symplectic form

wo =dpAdgqg.

Y



Did you say Weyl quantization?

We recall that

w 1 itg—y.p)/h. (AT Y
Op} at(q) = W/deew y"wa(T,p) P(y)dydp,

for ¢ € S(RY). We have
%, =Op) H.

e



From the Lorentz force to the eigenvalues Eigenvalues asymptotics

We introduce the parametrization of
R? > g+ j(q) = (q,A(q)) € R? x R?
and its satisfies the magnetic-symplectic relation:

Jwo = da.

Y



From the Lorentz force to the eigenvalues Eigenvalues asymptotics

In the last years, Helffer and Kordyukov have intensively worked on the case of RY with
non-vanishing magnetic fields:

- In two dimensions, they have proved that A,(%) can be expanded in powers of h2.

- In three dimensions, via a tricky construction of quasimodes, they have conjectured that

An(72) could be expanded in powers of ha.
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics

Two results

- We have related the eigenvalues to the classical dynamics.
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics

Two results

- We have related the eigenvalues to the classical dynamics.

- Let us discuss two corollaries of our main normal form theorems.

- Many discussions with F. Faure and Y. Colin de Verdiére have stimulated the proofs

of these results.
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics

In two dimensions

Theorem (R.-Vii Ngoc, after Helffer-Kordyukov)
Let us assume that

(i) B admits a unique minimum at qo that positive and non degenerate,
(i) liminf B(q) > bo := B(qo).
|g|—+oo

Then the eigenvalue \n(1) admit a full asymptotic expansion in h and

An(1) = bo + [67°(q0) (m — 3) + ¢°(a0)] 12 + O(F)

[ det Hessy, B
92D — q0 .

where
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics

This approximation is uniform in m as soon as m is of order 1~ **" for n > 0. The
remainder becomes O(/**7).
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics

In three dimensions

Theorem (Helffer-Kordyukov-R.-Vii Ngoc)

Let us assume that
(i) b:=||BJ| admits a unique minimum at qo that is positive and non degenerate,
(i) lli‘minf b > by := b(qo) and ||VB|| < C(1+ ||B]]).
q|—+oc0

Then the m-th eigenvalue admits a full asymptotic expansion in Kt and

Am(h) = boh + 0% (qo)3 + [6%°(q0) (m — 1) + ¢ (qo)] 1* + O(h3)
D _ |/Hessq, b(B, B) 3D _ det Hessq, b
o () = o @) =\ e B B

2 e

where




From the Lorentz force to the eigenvalues Eigenvalues asymptotics

T . . _1
This approximation is uniform in m as soon as m is of order /=2 for n > 0. The
remainder becomes O(/**7).
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics
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From the Lorentz force to the eigenvalues Eigenvalues asymptotics

General strategy

In order to obtain uniform estimates of the magnetic spectrum, we will:
- straighten the magnetic(-symplectic) geometry,

- implement a formal Birkhoff normal form,

- quantize the normal form via (adaptations of) the Egorov’s theorem,

- establish (second) microlocal estimates (and establish some semiclassical Weyl
estimates),

- repeat this procedure as often as necessary...

3 7 e



From the Lorentz force to the eigenvalues In two dimensions
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From the Lorentz force to the eigenvalues In two dimensions

The manifold X is symplectic. Thus we may find local symplectic coordinates x1, &1, x2, &2
such that

(a) z1 = (x1,&1) represents the distance to X,
(b) z parametrizes X.

In these coordinates, the Hamiltonian takes the form

H(zi,z) = H' + O(|z]?), where H’=B(g '(2))z]’.

Let us explain this in detail.

o 7 e



From the Lorentz force to the eigenvalues In two dimensions

Normal symplectic coordinates

Lemma

For any q € Q, the vectors

—— (e, ToA(e1)), vi = ——=(&, TA(e)),

J\?I [B]

form a symplectic basis of Tj(q)Zl.

u =

o e



From the Lorentz force to the eigenvalues In two dimensions

Normal symplectic coordinates

Recall that
Jfwo=dA~B,

where j : R? — ¥ is the embedding j(q) = (g, A(q)).
There exists a diffeomorphism g : Q — g(Q2) C Ri such that g(go) = 0 and

g*(dfz A dXQ) = wo.

The new embedding 7= jo g ' : R? — ¥ is symplectic.

WS



From the Lorentz force to the eigenvalues In two dimensions

Normal symplectic coordinates

We introduce the map
&(z1,2) = j(2) + xm(E (2)+&aw(E (2)).

This map is not symplectic. The Jacobian matrix is symplectic for z; = 0. We can say
that

wo — Cb*wo

vanishes on {0} x Q.

o e



From the Lorentz force to the eigenvalues In two dimensions

Normal symplectic coordinates

Lemma

Let us consider wo and wy two 2-forms on R* which are closed and non-degenerate. Let
us assume that w1 = wo on {z1 = 0} x Q where Q is a bounded open set. In a
neighborhood of {z1 = 0} X Q there exists a change of coordinates 1 such that

Yiwr=wo and 1 =Id+O(z) .
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From the Lorentz force to the eigenvalues In two dimensions

Normal symplectic coordinates

Lemma

Let us consider wo and wy two 2-forms on R* which are closed and non-degenerate. Let
us assume that w1 = wo on {z1 = 0} x Q where Q is a bounded open set. In a
neighborhood of {z1 = 0} X Q there exists a change of coordinates 1 such that

Yiwr=wo and 1 =Id+O(z) .

v

The proof can be done with a Moser argument. See, for instance, Hofer-Zehnder, proof
of Theorem 1.

e



From the Lorentz force to the eigenvalues In two dimensions

Poincaré lemma

We can find a 1-form o defined in a neighborhood of z; = 0 such that

wi—wo=do and o=0(zl?).

e



From the Lorentz force to the eigenvalues In two dimensions

Moser argument

For t € [0, 1], we let
we = wo + t(wi — wo) .

The 2-form w; is closed and non-degenerate (up to choosing a neighborhood of z; =0
small enough). We look for ¢ such that

Prwr = wp .

For that purpose, let us determine a vector field X: such that

d ‘
E“’" = Xe(v)e) .

e



From the Lorentz force to the eigenvalues In two dimensions

Moser argument

By using the Cartan formula, we get

dt

0= vt =01 G+ 0N + X))

This becomes
wo — w1 = d(¢(Xe)wt),

and we are led to
(Xe)we = —0o .

By non-degeneracy of wy, this determines X;.
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From the Lorentz force to the eigenvalues In two dimensions

Moser argument

By using the Cartan formula, we get

d . . d
0= E¢* wr = P, (Ewt + o(Xe)dw: + d(L(Xt)wt)> .
This becomes
wo — w1 = d(¢(Xe)wt),

and we are led to
(X)we = —0o .

By non-degeneracy of wy, this determines X;.
Choosing a neighborhood of (0,0) x U small enough, we infer that ¢, exists until the
time t = 1 and that it satisfies ;w: = wo. Since o = G(|z1|?), we get

Y1 =1d+ O0(|z]?).

Y



From the Lorentz force to the eigenvalues In two dimensions

Normal symplectic coordinates

We let d := b o 11 and ® is now symplectic. Elementary computations provide

1
H o C]D(zl7 22) =Ho ¢‘21:0 + THo ¢‘21:0(21) —+ 5 T2(H o ¢)|Z1:0(212) —+ ﬁ(|21|3)
=0+0+[B(g ' (22))l|ar* + 6(|af).

T



From the Lorentz force to the eigenvalues In two dimensions

We let H® = [B(g X ())||z|*.

Proposition

For v € O3, there exist two formal series T, € O3 such that

eihflad,—(HO_F,\’() — HO+I{ ,

with [k, |z1]*] = 0.

Explicitly,
[Hla “432]()(’ &, h) = 2sinh (%D) (K/l(tv T, h)HZ(yv m, h))

t=y=x,
r=n=¢

where

O= Zafj 8y, — OO, -

e



From the Lorentz force to the eigenvalues In two dimensions

Theorem (R.-Vii Ngoc, after lvrii)

For h small enough, the exists a Fourier Integral Operator U, such that
UiUn =1+ Zy, Unur =1+ 2,

where Zy,, Z} are pseudors vanishing microlocally in a neighborhood of Q NS and such
that
U]T£/1,A U/: - Mz + R/u
o N, is a pseudor belonging to S(m) and commuting with

Ty = —h?

2
Ox;

o Ny =H) + Qu, where H) = Op{'(H°), H* = B(¢™*(2))|z|?, and Q, commutes
with I, and is relatively bounded with respect to H® with arbitrary small bound.

e



From the Lorentz force to the eigenvalues In two dimensions

We assume that the magnetic field does not vanish and is confining:

36 >0, My>0, B(q)>C  for |q] > Mo.

o e



From the Lorentz force to the eigenvalues In two dimensions

Theorem

Let 0 < Gy < Ci. Then, the spectra of L), and N, = H% + Q;, in (—oo, Ci71] are discrete.
Let 0 < M\i(h) < X2(h) < --- be the eigenvalues of Ly, and 0 < p1(h) < po(h) < --- the
one of Nj,. Then, for all j € N* such that X\j(h) < Gl and pj(h) < Gih, we have

(A (7) = i (n)] = O(7™).
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From the Lorentz force to the eigenvalues In three dimensions

Now, | present the result obtained with B. Helffer, Y. Kordyukov and Vii Ngoc in three
dimensions.

YT



From the Lorentz force to the eigenvalues In three dimensions

Moving magnetic frame

Let us assume that B(0) # 0 so that B is not 0 near 0. We can even assume that
B(0) = ||B(0)||es and we define
B

Bl

and the smooth vectors ¢ and d so that (b, c,d) is a direct orthonormal basis.

VTS



Straightening the magnetic 2-form

We introduce the coordinate along the magnetic field, via:

93x(9) =b(x(9)), x"(da) =dg Adg..

Note that
(i) b belongs to the kernel of the magnetic 2-form da.
(ii) j wo = da.

YT



From the Lorentz force to the eigenvalues In three dimensions

Basis of the tangent space

We can reparametrize ¥

10—
G — (x(9), Ar(x(d)) , A2(x()), As(x(4))) »

and define a basis of the tangent space (fi, f2, f3) :
fi=(Tx(e;), TAo Tx(e))), j =1,2,3.
We notice that

wo(fj, fx) = da(Tx(e;), Tx(ex)) = x"da(ej, ex) = dgi A dga(e), ex) -

Y



From the Lorentz force to the eigenvalues In three dimensions

Basis of the symplectic orthogonal

The following vectors of R® x R® form a basis of the symplectic orthogonal of T.(oXx:
£ = B 7(c,(‘Tu@A)e), fs = [B]7/2(d, (" TygA)d).

We need a sixth vector. We introduce fg = (0,b) + pifi + pofo where p1 and p» are
determined by the relations wo(f,fs) =0 for j = 1, 2.

Lemma
The family (fj)j-1,....6 is a symplectic basis. J

s



From the Lorentz force to the eigenvalues In three dimensions

We introduce the local diffeomorphism
(%, ) = 12, &2, x3) + xafa(xe, &2, x3) + ifs (2, &2, x3) + Esfe (32, &2, 33) -

It is symplectic “on” X. Thus we can make it symplectic modulo a correction that is
tangent to the identity (Moser-Weinstein's lemma). In these new coordinates, H becomes

& + b0xe, &2,%3) (% + &) + O(pal* + |&f + &)

Y



From the Lorentz force to the eigenvalues In three dimensions

Formal series of pseudo-differential operators

We consider the space £ of formal series in (xi, &1, &3, /1) with smooth coefficients in
(%2, &2,x3)
&= ng?&z,)q[[xlf &1, &3, ]’]] .

We equip £ of the semiclassical Moyal product * (w.r.t. all the variables) and the
commutator of k1 and k3 is by definition

[Iﬂ,l@]:fﬂ*lﬁz—/ﬂ*lﬂ.

The degree of x€M¢0 1 is a1 + a2 + B4 20 = |a| + B+ 2{. The space of formal series
with valuation at least N is denoted by Oy. For all 7,y € £, we let ad, v = [7,7].

Y



From the Lorentz force to the eigenvalues In three dimensions

Proposition

For ~ € O3, there exist two formal series T, € O3z such that

eih_ladT(HO +,\/) — HO + kK ,

with [k, |z1]*] = 0 and H° = €2 + b(x2, &, x3)|z1 |

Y



From the Lorentz force to the eigenvalues In three dimensions

We may write « in the form

K = Z Z /IZCA,-,,(XQ,§Q,X3)|Zl|2mf3ﬁ.

k>3 20+2m+B=k

This series may be rearranged:

K = Z Z ﬁZCZm(Xz,§27X3)(|21|2)*m§36.

k>3 20+2m+B=k

WS



From the Lorentz force to the eigenvalues In three dimensions

Theorem (First normal form, after lvrii)

If B(qo) # 0, there exists a neighborhood Uy of (qo, A(qo)) and symplectic coordinates
(x1, &1, %2, &2, x3,&3) such that X = {x1 = & = & = 0} and a FIO U, microlocally unitary
near Uy and a smooth function, with compact support in Z and &3, f*(h, Z, x2,&2, x3,£3)
whose Taylor expansion Z &3, h is

SN Heimbe &%) Z7ES
k>3 2042m+B=k

so that
Ui LyUp =Ny + Ry
with
N = 12D%, + I, 0p} b+ Op}! (1, Zn, x2, &2, %3, E3)

e



From the Lorentz force to the eigenvalues In three dimensions

Confinement

Assumption

We assume that
b(q) > by := inf_b(q) >0,
q€ER3

and that there exists C > 0 such that

IVB(q)ll < C(1+b(q)), Vg € R*.

By the Persson theorem and an Helffer-Morame theorem, the bottom of the essential
spectrum is asymptotically larger than 71b;1, where

by := liminf b(q)

|gl—=+oc0

Y



From the Lorentz force to the eigenvalues In three dimensions

Confinement

Assumption
We assume that
0< by < b1.

This assumption ensures that the infimum of b is attained (say at 0 with A(0) =0). We
also assume that (confinement near 0) there exist ¢ > 0 and 3o € (bo, b1) such that

{b(q) < o} C D(0,¢).
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From the Lorentz force to the eigenvalues In three dimensions

Corollary

We introduce
N = opy (NF)
with
N/t} = gg + Iﬁb(x27 '527 X3) + f*’ﬁ(haITH X2, 527 X3, 53)

and where b is a convenient extension of b outside D(0, =) and where
% = x(x2, &2, x3)F*, with x is a smooth cutoff being 1 near D(0,<). We also introduce

1 1],
N[]u P (NI[/]u)a

where N = €3 4 1b(x0, &, x3) + FOH (1, 1y x0, €2, X3, €3).

Y



From the Lorentz force to the eigenvalues In three dimensions

Corollary (continued)

If = and the support of f** are small enough, then

(a) The spectra of L, and N sous (o1 coincide modulo O(1>).

(b) For all c € (0, min(3bo, So)), the spectra L, and ./\/f[,ll’ji under ch coincide modulo

o).
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From the Lorentz force to the eigenvalues In three dimensions

Assumption

We assume that b admits a unique minimum at 0 (that is positive) and that
T¢b(B(0), B(0)) > 0.

3



From the Lorentz force to the eigenvalues In three dimensions

We have 93b(0,0,0) = 0 and in the coordinates (x2, &2, x3),
93b(0,0,0) > 0.

It follows from the implicit functions theorem that, for x, small enough, there exists a
smooth function (x2, &) — s(x2,&2), s(0,0) = 0, such that

O3b(x2, &2, 5(x2,€2)) = 0.

We let
v(x, &) = (305b(x, &2, s(xe, £2))) 4.

T e



From the Lorentz force to the eigenvalues In three dimensions

Theorem

There exist a neighborhood Vy of 0 and a FIO V), microlocally unitary near Vo and such
that
ViNTIv, = T = op? (1Y)

where ﬂg}] =17(x, &) (& + 153) + hb(xe, &, 5(x2, &)) + R, and R, is a semiclassical
symbol R, = O(hx3) + O(h&3) + O(€3) + O(13).

e



From the Lorentz force to the eigenvalues In three dimensions

Corollary

We introduce

?

A% = o (7).

where NI = 12(x, £) (6 + 133) + hb(xe, &2, 5(x2, £2)) + RY, with
Bﬁ, = x(x2, &2, x3,&)R,,, and where v is a convenient extension of v.
If € and the support of x are small enough, then

(a) The spectra of.ME]‘n and ./\/,El]’ﬁ below [3y}1 coincide modulo O(1™°).

(b) For all ¢ € (0, min(3bo, Bo)), the spectra of L}, and /\7/'5,1]”i below c/ coincide modulo
O(h).
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From the Lorentz force to the eigenvalues In three dimensions

Towards the second microlocalization

1 . . . . . L1
We let h = h2 and, if A; is a semiclassical symbol on T*R?, having an expansion in 72,
we write

Ay, = 0p) A, =O0py Ay = 2y,

with B B B B
An(x2,&2,x3,8) = Ape(x2, h€2, x3, h€3) .

WS



From the Lorentz force to the eigenvalues In three dimensions

Theorem

There exist a unitary operator W, and a smooth function g*, with arbitrarily small
compact support, with respect to the second variable Z and compactly supported in
(x2,&2) such that the Taylor series in Z, h is

Z cme(x2,62)Z™h"

2m+20>3

so that W,Tm%mWh =:9M;, = Op; (My) ,

with 2 = > 2 w2 = 2 % = 2
M), = h°b(x2, h&2, s(x2, h€2)) + h° T, Opy, v°(x2, h€a) + h°g™(h, T, X2, h€2) + h°Ry
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From the Lorentz force to the eigenvalues In three dimensions

Theorem (continued)

where

(a) the operator M js A1
(b) we have let Ji = &3 + x3,

(c) the remainder Ry satisfies Ry(x2, héa, x3,&3) = O((x3, £3)>).
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From the Lorentz force to the eigenvalues In three dimensions

Corollary

We have
mf = oy (M?)
with
MA=Hb(xa, hé2, s(x2, h€2)) + W Thi* (X2, hés) + H2g* (h, T, x2, hE2) .
We define
mf* = op (M)

where B B . .
MU = 12 b(xe, héa, s(xe, hEa)) + H*V2 (xe, héa) + hPg™ (h, b, xe, h2) .

Y



From the Lorentz force to the eigenvalues In three dimensions

Corollary

If € and the support of g* are small enough, we have:

(a) For all n > 0, the spectra ofﬁ[hl]’u and M below boh® + O(h**") coincide modulo
O(h™).

(b) For c € (0,3), the spectra of M* and S)JTLIM below boh* 4+ c1?(0,0)h* coincide
modulo O(h*).

(c) If c €(0,3), the spectra of L and ME,I]’u below boh + cv?(0, O)Tz% coincide modulo
O(h™).

Y



From the Lorentz force to the eigenvalues In three dimensions

Formal series

We define an appropriate space of formal series in (X3,£3, h). Let us consider
F:={ds. t. 3ceS"R*): d(x,E; 1, h) = c(x2, uéa; 11, h)},

and B
&= ]:[[X37§37 h]]7
equipped with the Poisson bracket

of 0g  Og Of
529 f7g — f7g = 7“7_7“7657
(o) ey = 3 S8 - B

and of the Moyal product [f, g].

Y



From the Lorentz force to the eigenvalues In three dimensions

Assumption

The function b admits a unique minimum en 0 (positive) and non degenerate.

S



From the Lorentz force to the eigenvalues In three dimensions

Theorem

There exist a h-FIO unitary Q] 1 whose phase may be expanded in powers ofe 12 and a
smooth function k*, with compact support in Z, such that

Q;% M;}],ﬁQ, - -7:/1 + g/z )

3
where

(a) F is the operator byl + 1°(0,0)/17 — WW +h (%ICn + k*(h%,ICf,)),
(b) the function k* satisfies k*(112,Z) = O((hz,22)?),

(c) the remainder is in the form G, = Op} (G), with G, = hO(|z|*).

T e



From the Lorentz force to the eigenvalues In three dimensions

Corollary

If € and the support of k are small enough, we have

(a) Foralln e (0,1), the spectra of MU and F;, below byl + O(1**") coincide
modulo O(1h%°).

(b) For all ¢ € (0,3), the spectra of L, and Fy, below boh + c1/*(0, 0)/1% coincide modulo

o).

v
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WKB constructions in 2D wells RS

We consider Q C R?, bounded and % = (—ihV — A)?. We assume B is analytic in a
neighborhood of Q.

Assumption

Blﬁ has a non-degenerate local and positive minimum at (0,0). Moreover, we can write

B(x1,x) = bo + axi +vx + O(||x]|*), with0<a<7y.
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WKB constructions in 2D wells RS

Theorem (Bonthonneau-R.)
Let ¢ € N. There exist
i. a neighborhood V C Q of (0,0),

ii. an analytic function S onV satisfying

ReS(x) = & [ 2222 + 2= 8] + O(IxI) ,

iii. a sequence of analytic functions (aj)jen on V,
iv. a sequence of real numbers (yu;)jen satisfying
4 2
such that, for all J € N, and uniformly in V,

J J
/M (=it — A = 1> it | (e gt | = 6(1F) .

j=0 j=0

103 / 123



WKB constructions in 2D wells gl

Preliminary comment: WKB analysis and normal form

There exist a Fourier Integral Operator Uy, quantizing a canonical transformation, and a
smooth function f; such that, locally in space near 0 and microlocally near the characteristic
manifold of %,

U/7*=%I U/r = Op‘;,’ﬁ;(H,ZZ) + ﬁ)(hoo) .

where H = h*D, + xi. Moreover, f,(Z,z) = ZB(z) + 0(1%) + 6(Z?), where B is the
magnetic field “seen” on the characteristic manifold.

Y



WKB constructions in 2D wells gl

Preliminary comment: WKB analysis and normal form

If we are interested in the low lying eigenvalues (which are essentially in the form
bolt + ,ulhz), we can look for a L?-normalized WKB Ansatz expressed in normal
coordinates as

Vi (x1, %) = gn(x)vn(x)

where gy, is the first normalized eigenfunction of 7{. We find the effective eigenvalue
equation A
Op‘l’;’(B - bo)wh - Nl/[wlz + ﬁ(}]z),

—S/n

in which we insert the Ansatz ¢, = e a. We get

é(Xz7 _iSI(X2)) = bo .

Y
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WKB constructions in 2D wells [ ZEIHITEGES

We consider the conjugated operator acting locally as
2P =" Le " = (hDyy — AL+ 104 S)? + (hDy, — As + i80,,S)?.
We have
L2 = (—A1+i0,5) + (A2 + i8,S)* + ilV - A — PA + hAS + 2/(VS + iA) - V.

We seek to determine S so that there exist a family of functions (a;)jen defined in a
neighborhood of (0,0) and a sequence of real numbers (1;)jen such that, in the sense of
asymptotic series,

.,%ZS Z/tjaj ~h Zujhj Zhjaj

Jj=0 j20 j=0

T



Choice of gauge

Lemma

There exists an analytic and real-valued function o, in a neighborhood of 2, such that

B(0,0
Bp=B, o) = 2300 4 x0) + O(xI).

We let
A= (Vo).

108 / 123



WKB constructions in 2D wells [ ZEIHITEGES

An effective eikonal equation

If a: R? — C is an analytic function near (0,0) € R?, one denotes by 3 the function
defined near (0,0) € C? by

i(z W)*a(z—'_w Z_W)
’ o 2 72 ’

We have 3(z,Z) = a(Re z,3z).

Lemma

There exists a holomorphic function w defined in a neighborhood of 0 satisfying
Bz, w(z)) = by -
and such that
w(0)=0, w'(0)= M,
VT Ve
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WKB constructions in 2D wells [ ZEIHITEGES

Lemma

Consider a function w given by the previous lemma and, in a neighborhood of 0, the
holomorphic function defined by

f(z) = -2 o ]3z¢(C7 w(¢))d¢ -

We have
f(0)=0, F(0)=0, f'(0)= %

5%
5

In particular, letting S = ¢ + f, we have

bo Vo e Vi
Re S(x) = o+t f+\f 2|+ o(IxIP) -

Y
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Determining the phase modulo holomorphic functions

Collecting the terms of order 0, we get
(—A1 +i04S)? + (—Ar +i0,S)> =0 ,
and thus

(—A1 +i04S + i(— A2 + i05,5))(—A1 + i8S — i(—As + i0,,5)) = 0.

e o



WKB constructions in 2D wells [EESIRHEIRSTENEEL]

Determining the phase modulo holomorphic functions

Collecting the terms of order 0, we get
(—A1 +i04S)? + (—Ar +i0,S)> =0 ,
and thus
(AL 4+ 0SS+ i(—A2+ i10,S))(—A1 4+ 10, S — i(—A2 + i05,S)) =0.
Let us consider an S such that

—A1+i04S +i(—A2+i0,5) =0,

e o



WKB constructions in 2D wells [EESIRHEIRSTENEEL]

Determining the phase modulo holomorphic functions

Collecting the terms of order 0, we get
(—A1 +i04S)? + (—Ar +i0,S)> =0 ,
and thus
(AL 4+ 0SS+ i(—A2+ i10,S))(—A1 4+ 10, S — i(—A2 + i05,S)) =0.
Let us consider an S such that
—A1+i04S +i(—A2+i0,5) =0,

so that 1
20:S = —iA1 + Az 6%:5(8X1+i8X2) .

e o



WKB constructions in 2D wells [EESIRHEIRSTENEEL]

Determining the phase modulo holomorphic functions

Collecting the terms of order 0, we get
(—A1 +i04S)? + (—Ar +i0,S)> =0 ,
and thus
(AL 4+ 0SS+ i(—A2+ i10,S))(—A1 4+ 10, S — i(—A2 + i05,S)) =0.
Let us consider an S such that
—A1+i04S +i(—A2+i0,5) =0,

so that 1
20:S = —iAL + Az | 63:5((‘9X1+iaxz).

We have 20z = —iA1 + Az and thus S is in the form
S = P+ f(Z) )

where f is a holomorphic function near (0, 0).

e o
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Rewriting the operator in terms of complex derivatives

Note that A = 40,05 and thus

AS =B.
We get
L2 = —1PA+ 1B+ 20(VS+iA)-V.
We have
(VS + iA) -V = (315 + iA1)61 + ((925 + iAz)ag
so that

(VS +iA)-V = (01 — it + ' (2))01 + (0o + iO1p + if'(2))02 .

Y
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Therefore, we can write
L = —4120,0; + hB + 41(20.¢ + f'(2))0x,

and consider its complexified extension
L2 = hi(z, w)dw + hB — 4128,0,, , V(z,w) = 80,p(z, w) + 4f'(2) ,

acting on analytic functions of (z, w) € C2.

Y



WKB constructions in 2D wells EEIEHEIIRCIEINE

First transport equation

The first transport equation, obtained by gathering the terms of order 7, is

(V(z,w)0w + B(z,w) — 110)30 =0 .

Y



Finding 1o and f

Let us for now assume that f is given and let w be the unique (holomorphic and local)

solution of
80,¢(z, w(z)) + 4f’(z) =0.

We deduce that the transport equation has solutions if and only if the exists £ € N such
that B
B(Z7 W(Z)) — Ho = —é&wﬁ(z, ﬂ(z)) :

But, from the definition of v, this means
po = (20 +1)B(z, w(2)) .

Since (i is a constant, we deduce that 110 = (2¢ + 1)by and

B(z,w(z)) = bo .

o



Finding 1o and f

We choose w(z) = w(z), where w(z) is given by a previous lemma. With this choice for
w, we define f as the unique function such that f(0) = 0 and

f'(z) = —20,0(z, w(2)) .

o



WKB constructions in 2D wells EEIEHEIIRCIEINE

Solving the transport equation

We notice that

B(z,w) — bo
80,¢(z, w) + 4f'(2)

defines a holomorphic function near (0,0). The solutions of the transport equation (with
o = (2 + 1)bg) have to take the form

do(z, w) = ao(2)(w — w(2)) Je(z, W) ,
where

dw’

o v B_NO / l
JZ(Zv W) = exp |: /W(Z) v (va ) + w! — W(Z)

The function . is a holomorphic function to be determined. We take £ = 0.

o



WKB constructions in 2D wells EEIEHEIIRCIEINE

Second transport equation

The equation obtained by gathering the terms in /% can be written as

(V(z, w)dw + B(z, w) — 110)d1 = (u1 + 40.04) 30 .
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Effective equation

This equation has solutions if and only if
(11 + 490,0w) 30(z,w(2)) = 0.

This means that

49 (2)0wd(z, w(2)) + [p1 + 4000, J(z, w(2))] #(z) =0 .
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From the definition of J and Taylor expansions, we get

7 + /)
40, (2, w(2)) ~_ —2%)”2, 40,,9,J(0,0) = _% .

AV
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We get that there exists £ € N such that
2
M1 = 2(% + (\/a;ibom .
Then, we can write o%(z) = czem/fg\(z), where 52%\(2) is determined with 42/{0\(0) =1. The

constant ¢ is a normalization constant, we choose ¢ = 1.
The solutions take the form

1(z,w) = &1(z, w) + A(2)I(z,w) ,

where /4 remains to be determined.

o



WKB constructions in 2D wells EEIEHEIIRCIEINE

We get that there exists £ € N such that

_ /A | (arya)?

Then, we can write o%(z) = czem/fg\(z), where 52%\(2) is determined with 42/{0\(0) =1. The
constant ¢ is a normalization constant, we choose ¢ = 1.
The solutions take the form

1(z,w) = &1(z, w) + A(2)I(z,w) ,

where /4 remains to be determined.

This procedure can be continued at any order.

o
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Merci de votre attention !

ANNALES
HENRI LEBESGUE

https://annales.lebesgue.fr/
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